452 Kenichi FUKUI, Chikayoshi NAGATA, Teijiro YONEZAWA and Akira IMAMURA [Vol. 32, No. 5

Density Matrix in Simple LCAO MO Method
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The LCAO MO method has been applied
extensively to the explanation of the facts
in organic chemical reaction. That is to
say, the static method by Coulson and
Longuet-Higgins?, the localization method
by Wheland? and the frontier electron
method by Fukui et al.*” and many
other similar methods have been used
successfully to explain the reactivity of a
number of conjugated molecules.

In this article, the present authors indi-
cate that the theoretical indexes such as
electron density, bond order, and various
polarizabilities derived by Coulson and
Longuet-Higgins?, can be given also by a
novel method which is entirely different
from that of the previous authors.

Partial Density Matrix and Hamiltonian
Matrix. — First, we define the following
two matrices which are most fundamental
in the theory. They are referred to as
partial density matrix D; and Hamiltonian
matrix a, and are defined respectively as
follows :
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where Ci is the coefficient of atomic orbit-
al, ¢,, in molecular orbital ¢;, that is,
according to the usual LCAO MO method,
¢; is expressed as a linear combination
of atomic orbitals whose number is #»;

n .

¢;=31Cip,. a and B are the Coulomb and
r=1

the resonance integral, respectively. From

Egs. 1 and 2 the following formulae are
easily obtained :

aDj = &;D; 3
aDj = Dja (4)

The partial density matrices have the fol-
lowing relations with each other;
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where E is unit matrix.
Variation of D; leads us to the follow-
ing relations,

D;-6D;+6D;-D;=46D; (10)
D;-6D;+3dDj D=0 (k=%j) D
D;-éD;-D; =0 (12)
D;-dD;-Dy =0 (k=%j) 13y
D:-6D;-Dy =0 (I3, k=j) (14

Perturbation Theory in Density Matrix.
— The perturbation theory in density
matrix can be constructed in just the same
way as in LCAO MO method. When the
Hamiltonian matrix a« is subjected to
perturbation by the amount of da, D; and
e; are assumed to become Dj;+46D; and
ej+dej, respectively. Then from Eq. 3,
the following formulae are obtained.

Dj-dej=da-Dj+ (a—ej)éD; (15)

Multiplying Eq. 15 by D (k=#j) from the
left-hand side, we gain the following
relation,
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Similarly, from Egs. 11 and 16,
dD; Dy = Dj-da-Ds an
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From Eqgs. 16 and 17, using the idempotent
nature of D; we easily obtain the follow-
ing formulae:

Dy-da-D;

Dk'(SD,--D,': —-—s;k (k ZI:J) (18)
D;-éa-
D;-oD;- D=0 Dk iy (19)
gj— €k
From Egs. 9, 16 and 17,
(E-Dpop;= 33 22D (g0
k=1 Ej €&k
k¥j
oD, (E-Dy =3 DirdeDr
k=1 Ej—Ek

k%j

are obtained. These formulae can be
transformed to the following formulae by
the aid of Eq. 10, that is
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After adding Eqs. 22 and 23, we use the

relation in Eq. 10, then éD; is expressed

as

n pe - - - ;

D=3 Dj-da-Di+Dy-da-D;j
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If Eq. 15 is multiplied by D; from the
left-hand side, the following equation is
obtained, that is

Dj-dej = Dj-da-Dj
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(25)

Taking the (7, ») element of Eq. 24, we
obtain
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Similarly, the (», ) element of Eq. 25
becomes

dej =333 CiCi(3a)tu

Now, we define the density matrix Q as
the sum of the partial density matrices,
namely,
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where ¢ and p stand for the electron
density and the bond order defined by
Coulson and Longuet-Higgins and v; is the
number of electrons in the jth molecular
orbital. Then the variation of density
matrix is written as
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If we take the (», ) and the (7, s) ele-
ments of Eq. 29, dg, and dp,s are obtained
respectively.
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The total z-electron energy E is the sum
of the orbital energy ¢j, that is

E= S (32)
J-

then, from Eq. 27, is expressed as
M . .
dE= > vjdej= Eﬂ} vi 232 CiCL(6a) i (33)
J=1 i=1 tou

Relations among Theoretical Indexes.—
Differentiating dej, 6E, and 3C} with re-
spect to a« and B, we obtain the following
relations:
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These equations coincide with those
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derived by Coulson and Longuet-Higgins’.
Similarly, from Egs. 30 and 31, the follow-
ing formulae are obtained and these are
nothing but the polarizabilities defined
by Coulson and Longuet-Higgins®.
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